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In this paper we study the spectral, localization, and dispersion properties of the ferromagnetic dipolar
modes around a stable, saturated, and spatially uniform equilibrium in quasi-periodically modulated arrays of
ferromagnetic nanoparticles based on the Fibonacci sequence. The Fibonacci sequence is the chief example of
deterministic quasi-periodic order. The problem is reduced to the study of a linear-generalized eigenvalue
equation for a suitable Hermitian operator connected to the micromagnetic effective field, which accounts for
the magnetostatic, anisotropy, and Zeeman interactions. The coupling with a weak applied magnetic field,
varying sinusoidally in time, is dealt with and the role of the losses is highlighted. By calculating the resonance
frequencies and eigenmodes of the Fibonacci arrays we demonstrate the presence of large spectral gaps and
strongly localized modes and we evaluate the pseudodispersion diagrams. The magnetization oscillation modes
in quasi-periodic arrays of magnetic nanoparticles show, at microwave frequencies, behaviors that are very
similar to those shown, at optical frequencies, by plasmon modes in quasi-periodic arrays of metal nanopar-
ticles. The presence of band gaps and strongly localized states in magnetic nanoparticle arrays based on
quasi-periodic order may have an impact in the design and fabrication of new microwave nanodevices and
magnetic nanosensors.
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I. INTRODUCTION

As lithographic techniques have rapidly developed in the
last decade, it has become possible to assemble ordered mag-
netic elements on the nanometer scale �e.g., Ref. 1�. Pat-
terned arrays of single-domain nanoparticles are the subject
of substantial current research interest due to their potential
applications, for example, in future magnetic data storage,
new magnetic-sensing devices, and new microwave devices
�e.g., Refs. 2 and 3�. Mode excitations control the dynamic
response of the magnetization in the linear regime and the
speed of real devices at least for small amplitude motions of
the magnetization. The presence of large band gaps in the
magnetization response may have large impacts in the devel-
opment of new microwave devices, for example, microwave
filters. Highly localized magnetization oscillation modes,
with strong near-field enhancement, may have a significant
influence in the design and fabrication of new magnetic
nanosensors and nanoscale magnetometers �tomography and
magnetic imaging�.

In patterned array the dipolar interaction among particles
strongly affects the mode distributions and their resonance
frequencies. This provides motivation for theoretical and ex-
perimental studies of the magnetization oscillation modes in
array of magnetic nanoparticles. Considerable attention has
been given lately to the oscillation modes of periodic array
of magnetic nanoparticles �e.g., Refs. 4–8�.

Quasi-periodic order has an important role in many do-
mains of science and technology �e.g., Refs. 9–13�. The con-

trol of the electromagnetic field-matter interaction in deter-
ministic arrays of nanoparticles without translational
invariance offers an almost unexplored potential for the cre-
ation and manipulation of high-intensity electromagnetic
fields that are confined in regions of space with dimensions
much smaller than the characteristic wavelength and the
transport of electromagnetic waves. Deterministic quasi-
periodic arrays share distinctive physical properties with
both periodic media, i.e., the formation of well-defined en-
ergy gaps, and disordered random media, i.e., the presence of
localized eigenstates with high-field enhancement. Unlike
random media, deterministic quasi-periodic structures are de-
fined by the iteration of simple inflation rules, which offer a
high degree of complexity combined with reproducibility.
Until now, the study of the interaction of the electromagnetic
field with deterministic aperiodic structures has been mainly
directed to dielectric or magnetic multilayers �e.g., Ref. 10�,
aperiodic photonic crystals �e.g., Ref. 11�, and arrays of me-
tallic nanoparticles �Refs. 12–14�. In particular, light scatter-
ing, plasmon localization, and band-gap formation in one-
and two-dimensional arrays of metal nanoparticles with de-
terministic aperiodic geometries have been recently dis-
cussed �Refs. 12–15�. However, the impact of the quasi-
periodicity on the transport of magnetization oscillation
modes and on the localization properties of quasi-periodic-
based magnetic nanodevices has not been addressed so far.

In this paper we study the spectral, localization, and dis-
persion characteristics of the dipolar modes around a stable,
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saturated, and spatially uniform equilibrium, in a Fibonacci
chain of ferromagnetic nanoparticles, and their coupling with
an applied time harmonic weak magnetic field. The distance
between the nanoparticles is modulated according to the Fi-
bonacci sequence �e.g., Ref. 12�. This sequence represents
the chief example of the quasi-periodic order characterized
by quasi-periodic Fourier spectra. We demonstrate the pres-
ence of several band gaps and localized states, similarly to
what happens for the plasmon modes in arrays of metallic
nanoparticles.12,14 In quasi-periodic metal nanoparticle ar-
rays, spectral gaps and mode localization arise in the optical
frequency range; instead in quasi-periodic magnetic nanopar-
ticle arrays they arise in the microwave frequency range.
Furthermore, in quasi-periodic magnetic nanoparticle arrays
the gaps may be widened by reducing the applied equilib-
rium magnetic field. In this way we may obtain gap widths,
normalized to the Kittel frequency, much greater than the
plasmonic gap widths, normalized to the plasmon frequency.
As far as we know only aperiodic multilayers of magnetic
materials have been considered until now �e.g., Ref. 10�.
Some preliminary results have been given in Ref. 16. There
are many differences between an aperiodic array of magnetic
nanoparticles and an aperiodic sequence of magnetic layers.
In deterministic aperiodic nanoparticle arrays the dipolar in-
teractions, depending on the distances between the nanopar-
ticles, determine the main properties of the dipolar modes.
Furthermore, the magnetic field near the nanoparticles,
which may be very intense and strongly localized, is directly
accessible.

The magnetization field density induced by the weak ex-
ternal magnetic field is assumed to be uniform in each nano-
particle and its dynamic is described by representing each
nanoparticle as a point magnetic dipole. The dynamics of the
magnetic dipoles are described by a discrete version of the
linearized Landau Lifshitz-Gilbert equation. The study of the
properties of the dipolar modes is reduced to the study of the
spectral properties of a generalized eigenvalue problem re-
lated with a Hermitian matrix expressing the intensity of the
magnetic field at the nanoparticle centers as functions of the
magnetic dipole moments.

The paper is organized as follows. In Sec. II we formulate
the equations governing the magnetization oscillations,
around a saturated, stable, and spatially uniform equilibrium,
in an array of magnetic nanoparticles. In Sec. III we discuss
the main properties of the generalized eigenvalue problem
governing the dipolar modes of the system. In Sec. IV we
deal with the coupling problem with a weak external mag-
netic field, varying sinusoidally in time. In Sec. V we study
the dipolar modes excited in a linear quasi-periodic chain
generated according to the Fibonacci sequence. In Sec. VI
we summarize our findings and draw our conclusions.

II. DIPOLAR MODEL

In this section we will introduce the model used for the
analysis of the magnetization oscillations around a saturated,
stable, and spatially uniform equilibrium in arrays of mag-
netic nanoparticles. The nanoparticles are all equal and with
spherical shapes. To model the magnetization dynamics we

assume that the radius a of the spheres is smaller than the
interparticle distance and comparable with the exchange
length; the largest linear dimension of the array is much less
than the characteristic wavelength of the electromagnetic
field. As consequence we have that the magnetization field
density may be assumed almost uniform in each nanopar-
ticle; the magnetic field generated by the magnetization of
each nanoparticle is mainly that generated by its magnetic
dipole moment and it is almost uniform in the nanoparticles;
the magnetic-field dynamics are governed by the magnetic
quasi-stationary approximation of the Maxwell equations.
Therefore, we shall study the magnetization oscillations of
the array by modeling each magnetic nanoparticle as a point
magnetic dipole and considering only the quasi-static contri-
bution to the electromagnetic interaction between the mag-
netic dipoles. These assumptions are valid as long as the
interparticle separation is at least equal to the radius of the
particles and the radius of the particles is comparable than
the exchange length.17 If the interparticle separation is less
than the particle radius the effects of high-order moments of
the magnetization density may become important and the
magnetization dynamics are no longer governed only by the
dipolar interaction. Therefore, the theory that we develop in
this paper is valid only under the assumption that the inter-
particle separation is at least equal to the nanoparticle radius.

Let us consider an array of N magnetic nanoparticles. We
denote with: r1 ,r2 , . . . ,rN as the position vectors of the nano-
particle centers with respect to an assigned reference point;
M1 ,M2 , . . . ,MN as the magnetization densities of the nano-
particles; H�m�=H�m��r ; t� as the magnetic field generated by
the nanoparticle magnetization; H�e�=H0

�e�+�H�e��t� as the
external magnetic field, uniformly distributed along the ar-
ray, where H0

�e� is the equilibrium term and �H�e� is a pertur-
bation term that varies sinusoidally in time, �H�e��t�
=Re��HM

�e�ei�t�. We measure the time in units of ��MS�−1 and
introduce the dimensionless variables

mh �
1

MS
Mn, hh

�m� �
1

MS
H�m��r = rh,t� , �1�

h0
�e� �

1

MS
H0

�e�, �h�e� �
1

MS
�H�e�,

where h=1,2 , . . . ,N, MS is the saturation magnetization, and
� is the absolute value of the gyromagnetic ratio �for electron
spin �=2.21�105 mA−1 s−1�.

The magnetization dynamics are governed by the system
of equations

dmh

dt
= − mh � �hh

�m� + �an�e · mh�e + �h0
�e� + �h�e��t��

− �
dmh

dt
	 for h = 1,2, . . . ,N , �2�

where �an�0 and e are the normalized uniaxial anisotropy
constant and unit vector, respectively, � is the Gilbert damp-
ing constant ��	10−2�,
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hh
�m� = Hh�m1,m2, . . . ,mN� � −

1

3
mh

+
1

3 

k = 1
k�h

M � a

�rh − rk�
3

Ahkmk. �3�

Ahk is the dyad defined as

Ahk = 3
rh − rk

�rh − rk�
�

rh − rk

�rh − rk�
− I , �4�

� is the tensor product and I is the identity operator. The
system of Eq. �2� has to be solved with the constraint
�mh�t��=1 for h=1,2 , . . . ,N.

At equilibrium, that is, for �h�e�=0, we assume that all the
nanoparticles are saturated along the direction e by a strong-
applied uniform magnetic field

h0
�e� = h0e , �5�

�or, equivalently, by a strong uniaxial anisotropy� and the
magnetization is the same in each nanoparticle

m0h = e for h = 1,2, . . . ,N . �6�

Furthermore, we assume that this equilibrium configuration
is stable.

The weak applied magnetic field induces a perturbation of
the magnetization such that

mh�t� = e + Re��mhei�t� for h = 1,2, . . . ,N , �7�

where �mh is a complex constant vector such that ��mh�

1 and �mh ·e=0. By substituting Eq. �7� in Eq. �2�, by
linearizing it around the equilibrium configuration, and by
projecting the resulting expression in the plane orthogonal to
e, we obtain the equations governing the frequency domain
linear response of the system

i��R��w� � + ��w� � − L��w� � = �h� M
�e�, �8�

where �w� �C2N is the complex vector

�w� = ��m1,�m2, . . . ,�mN�T, �9�

L :C2N→C2N is the linear operator represented columnwise

L��w� � = �L1��w� �,L2��w� �, . . . ,LN��w� �� , �10�

with

Lh��w� � = − e � �e � Hh��w� �� − h0h�mh, �11�

and

h0h = Hh�e,e, . . . ,e� · e + �h0 + �an� , �12�

R :C2N→C2N is the complex linear operator

R��w� = diag�Re��m1�,Re��m2�, . . . ,Re��mN�� , �13�

and Re :C2→C2 is the rotation dyad

Re��mh� = e � �mh, �14�

�h� M
�e��C2N is the known complex vector

�h� M
�e� =

1

Ms
��HM

�e�,�HM
�e�, . . . ,�HM

�e��T. �15�

The linear operator R is antihermitian and the linear operator
L is Hermitian. Since the quadratic form −�w� TL��w� � is
equal to half of the second variation in the free energy of the
system, the linear operator −L is strictly positive for stable
equilibria.18

III. MODAL ANALYSIS

The behavior of the solutions of Eq. �8� depends strongly
on the natural oscillations of the system, that is, the solutions
of the equation

L�u� � = i��R�u� � + �u� � . �16�

The natural frequencies are the eigenvalues of generalized
eigenvalue problem �16� and the natural modes are the cor-
responding eigenvectors. If � is an eigenvalue −�� is an
eigenvalue, as well; the eigenvector corresponding to −�� is
the complex conjugate of the eigenvector u� corresponding to
the eigenvalue �. We introduce then the notation

�−n = − �n
�,u� −n = u� n

� for n = 1,2, . . . ,N , �17�

where �1 ,�2 , . . . ,�N is the set of eigenvalues with positive
real parts, ordered in such a way that Re��1�	Re��2�
	 . . . 	Re��N�.

Let us introduce the following scalar products in C2N

�a� ,b� � = − a�†L�b� � and �a� ,b� � = a�†a� . �18�

We normalize the eigenvectors in such a way that

�u� n,u� n� = 1 �19�

for any n. By using the properties of L and R from the
generalized eigenvalue problem �16�, it follows

�n − �n
�

�n + �n
� = i��n

�u� n,u� n�
1 + i��n�u� n,u� n�

, �20�

�u� m,u� n� = 2�i
�m

� �n

�m
� − �n

�u� m,u� n� for m � n . �21�

From these relations it results that the eigenfrequencies are
real and positive in the lossless limit �=0; the eigenmodes
are orthonormal with respect to the scalar product �a� ,b� � in
the lossless limit �=0.

Since �
1 the eigenvalues and eigenvectors of the gen-
eralized eigenvalue problem �16� may be evaluated by using
the perturbation theory. We may express the eigenvalue �h
and the corresponding eigenvector un as

�n = �n
�0� + ��n

�1� + O��2� , �22�

un = un
�0� + �un

�1� + O��2� , �23�

where �n
�0� and u� n

�0� are, respectively, the hth natural fre-
quency and the corresponding natural mode in the lossless
limit �=0, and �n

�1� and u� n
�1� take into account the first-order

corrections in the small parameter �.
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By substituting expressions �22� and �23� in relation �20�,
and by disregarding all the terms of order higher than one,
we obtain the following expressions for the first-order cor-
rection terms

�n
�1� = i�n for n = 1,2, . . . ,N , �24�

u� n
�1� = 


m=1

N

�cnmu� m
�0� + cn,−mu� −m

�0�� for n = 1,2, . . . ,N , �25�

where

�n = ��n
�0��2�u� n

�0�,u� n
�0�� � 0, �26�

cnm = i��
1

2
�u� n

�0�,u� m
�0�� for n = m ,

�n
�0�

�m
�0� − �n

�0� �u� n
�0�,u� m

�0�� for n � m .� �27�

IV. COUPLING WITH THE EXTERNAL FIELD

We look for the solution of Eq. �8� by representing �w� in
terms of the natural modes of the system

�w� = 

n=1

N

�anu� n + a−nu� −n� , �28�

where the coefficients ak are unknown and are to be deter-
mined by imposing that expression �28� satisfies Eq. �8�. By
substituting expression �28� in Eq. �8� and by using Eq. �16�,
we have



n=1

N �� �

�n
− 1anL�u� n� + � �

�−n
− 1a−nL�u� −n�� = �h� M

�e�.

�29�

By multiplying on the left both members of Eq. �29� first by
u+n

† and then by u−n
† , we finally obtain the system of linear

equations



m=1

N ��1 −
�

�m
�u� n,u� m�am + �1 −

�

�−m
�u� n,u� −m�a−m� = �u� n,�h� M

�e��



m=1

N ��1 −
�

�m
�u� −n,u� m�am + �1 −

�

�−m
�u� −n,u� −m�a−m� = �u� −n,�h� M

�e��

for n = 1,2, . . . ,N . �30�

Since �
1 it results ��u� n ,u� m��
1 for n�m and the system
of Eq. �30� may be strongly simplified by setting �u� n ,u� m�
=�nm. In this way we obtain a system of uncoupled equations
and

an �
�n

�n − �
�u� n,�h� M

�e��

a−n � −
�n

�

�n
� + �

�u� n
�,�h� M

�e��
for n = 1,2, . . . ,N . �31�

By taking into account these properties and by substituting
expressions �31� in sum �28�, we obtain for �w

�w� � 

n=1

N � �n

�n − �
�u� n,�h� M

�e��u� n −
�n

�

�n
� + �

�u� n
�,�h� M

�e��u� n
�� .

�32�

Only the first term may give rise to resonances. The applied
magnetic field is in resonance with the nth mode at the fre-
quency � for which the mode response function of the nth
mode,

An��� = � �n

�n − �
� � � �n

�0� + i��n

��n
�0� − �� + i��n

� , �33�

is maximum. The resonance frequency is, with good approxi-
mation, equal to the lossless natural frequency �n

�0�. The 3 dB
bandwidth �� of the response function An��� is equal to
2��n and the quality factor Qn is equal to An��n

�0��
�2�n

�0� /��. By using expression �26� we obtain

�� = 2���n
�0��2�u� n

�0�,u� n
�0�� , �34�

Qn =
1

�

1

�n
�0��u� n

�0�,u� n
�0��

. �35�

The selectivity of the coupling between the array and the
time-varying external magnetic field depends on the 3 dB
bandwidth of the mode response functions, and it is limited
by the losses and by the difference between the resonance
frequencies of the modes. Spin-momentum transfer can be
used to compensate the damping19,20 and equivalent values
of � of the order of 10−3 may be obtained.

V. FIBONACCI LINEAR CHAINS

We now study in detail the spectral properties of the
quasi-periodic linear chains of magnetic nanoparticles based
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on the Fibonacci sequence. As already stated, the Fibonacci
sequence represents the chief example of deterministic ape-
riodic systems, characterized by quasi-periodic Fourier spec-
tra. The set of distances between adjacent particles is com-
posed of two values denoted with dA and dB. We shall
assume in a conventional way dBdA. The sequence of sym-
bols dA and dB are generated according to the Fibonacci in-
flation rule: A→AB and B→A �e.g., Ref. 12�. We shall start
the Fibonacci sequence with the seed element F0=A, there-
fore F1=AB, F2=ABA, F3=ABAAB , . . .. The Fibonacci se-
quences display the property Fj = �Fj−1 ,Fj−2� for j2. Here
we always refer to Fibonacci chains with 145 particles, cor-
responding to a Fibonacci generation index j=10, and with
dA=3a. Any Fibonacci chain subtends the periodic sequence
obtained by setting dB=dA.

The eigenvalues and eigenvector of generalized eigen-
value problem �16� have been evaluated numerically by us-
ing LAPACK routines. Two cases are analyzed, one in which
the equilibrium magnetization is parallel to chain axis and
the other in which the equilibrium magnetization is orthogo-
nal. The applied equilibrium magnetic field is parallel to the
magnetization and has the same versus. When the equilib-
rium magnetization is longitudinally polarized the equilib-
rium is always stable whereas in the other case the equilib-
rium is stable only if the applied field is greater than a
critical value depending on the chain geometry.

A. Ferromagnetic resonance frequencies

The ferromagnetic resonance frequencies depend on the
effective external equilibrium field heff�h0+�an, the equilib-
rium polarization, and the geometrical arrangement of the
nanoparticles. In Fig. 1 we show the resonant frequencies
normalized to the Kittel frequency, �n�Re��n /heff�, versus
the modal index n, for both the equilibrium polarizations and
for two values of heff that also assure the stability of the
transversally polarized equilibrium. We compare the reso-
nance frequencies of the Fibonacci chain obtained by setting
dB=1.5dA with the resonance frequencies of the subtended
periodic chain obtained by setting dB=dA.

In periodic chains the resonance frequencies cover almost
continuously an interval, whose center and width depend on
the equilibrium polarization, heff and a /dA, with the excep-
tion of the two isolated highest values in the transverse equi-
librium polarization and the two isolated lowest values in the
longitudinal equilibrium polarization. They are the resonance
frequency of the edge modes of the linear chain. As we shall
see later these modes are localized at the two ends of the
linear chains �e.g., Ref. 4�. The edge modes and the corre-
sponding isolated resonance frequencies arise in a periodic
chain because the amplitude of the magnetic field due to the
equilibrium magnetization at the ends of the chain is roughly
half the amplitude of the magnetic field at the centers of the
inner nanoparticles. For dA /a→� the particles do not inter-
act between them and it results �n=1 for any value heff. As
the particle interaction becomes significant the resonance fre-
quencies move away from the Kittel frequency and become
different. For transverse equilibrium polarizations all the
resonance frequencies become smaller than the Kittel fre-

quency whereas for longitudinal equilibrium polarizations all
the resonance frequencies become larger than the Kittel fre-
quency. As the field heff increases the effects due to the in-
terparticle interactions again becomes negligible and all reso-
nance frequencies approach the Kittel frequency.

In Fibonacci chains many gaps arise in the discrete curve
representing the resonance frequencies. In Fig. 1 we show
the resonance frequencies obtained by setting dB /dA=1.5.
For the transverse equilibrium polarization the gaps around
n=33, n=56, n=89, and n=122 become wider as the ratio
dB /dA increases. On the opposite, the remaining gaps be-
come narrower and their width reduces to zero with increas-
ing the dB /dA ratio. For the longitudinal equilibrium polar-
ization the gaps around n=23, n=56, n=89, and n=112
become wider as the ratio dB /dA increases. On the opposite,
the remaining gaps, as in transverse equilibrium polarization,
become narrower and their width reduces to zero with in-
creasing the dB /dA ratio. Furthermore, we observe that the
gap widths decrease as heff increases.

The spectral gaps are a direct consequence of the aperi-
odic geometrical arrangement of the nanoparticles along the
chain as in the quasi-periodic arrays of metallic
nanoparticles.15 Indeed, the inner band gaps arise around the
modal indexes that match the normalized spatial frequencies
of the Fourier components of the Fibonacci sequence. In par-
ticular, the widest gaps arise around the modal indexes of the
harmonics of the Fibonacci sequence with the largest ampli-
tudes because of a strong spatial resonance.

For dB /dA5 the eigenvalues �h tend to five values that
depend on the effective field heff and the equilibrium polar-
ization. In the Fibonacci chains with odd generation indexes
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FIG. 1. �Color online� Ferromagnetic resonance frequencies in
periodic �dA=3a� and Fibonacci �dB=1.5dA� chains with 145 nano-
particles, normalized to the Kittel frequency, �h�Re��h /h0eff�,
versus the mode index n: transverse polarization with �a� h0eff

=0.1 and �c� h0eff=0.2; longitudinal polarization with �b� h0eff

=0.1 and �d� h0eff=0.2.
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the resonant frequency additionally assumes the Kittel value.
The origin of this degeneracy is the following. In the limit
dB /dA→� the array becomes a chain of three types of iso-
lated clusters. Indeed, since Fibonacci sequences are cube-
free �e.g., Ref. 21�, the symbol A can consecutively occur
only one or two times while the symbol B occurs consecu-
tively only once. As a consequence, for dB /dA→� we can
only have clusters composed of at most one, two, or three
particles. The number of degeneracy of each of the resonance
frequencies is equal to the number of corresponding clusters
in the chain. In addition, since Fibonacci sequences termi-
nates with two alternating symbols �A or B� at each genera-
tion, in the Fibonacci sequences with odd generation indexes
there is one isolated particle at the end of the chain �cluster
B�.

By summarizing, the above results clearly show the for-
mation of large gaps at the modal indexes matching the nor-
malized Fourier components of the Fibonacci sequence with
the highest amplitudes. For values of dB /dA close to one,
band gaps open due to the resonant coupling between the
modes of the subtended periodic lattice and the Fourier com-
ponents of the Fibonacci array with large amplitudes. For
values of dB /dA much larger than one, the chain reduces to a
set of noninteracting clusters composed of one, two, or three
particles. In this case, the system has a strong degeneracy
with four or five distinct natural frequencies, depending on
the Fibonacci generation index being even or odd. Since the
gaps may be widened by reducing the applied equilibrium
magnetic field, in Fibonacci chains of magnetic nanoparticles
we may obtain gap widths, normalized to the Kittel fre-
quency, much greater than the plasmonic gap widths, nor-
malized to the plasmon frequency, obtained in Fibonacci
chains of metallic nanoparticles.

The 3 dB bandwidth normalized to the resonance fre-
quency ��n and the quality factor Qn of the nth mode are
given by 2��n

�0��u� n
�0� ,u� n

�0�� and 2 /��n, respectively. For lon-
gitudinally polarized equilibria �n

�0��u� n
�0� ,u� n

�0��=1; hence
��n=2� and Qn=1 /� for any n. For transversally polarized
equilibria �n

�0��u� n
�0� ,u� n

�0�� may be greater than one if heff is
very near the critical value separating stable and unstable
equilibria; otherwise it is almost equal to one.

B. Dipolar modes

Now we study the dipolar modes of the linear chain. The
localization character of the modes is described by the par-
ticipation ratio defined as �e.g., Refs. 12 and 21�

P �
1

2N

�u� �2
2

�u� �4
4 , �36�

where �u� �p= �
m=1
2N �um�p�1/p is the p norm of the vector u�

�C2N. By choosing the normalization �u� �2=1, the participa-
tion ratio yields a quantitative measure of the localization
degree of the modes. If all the components of the mode u� are
of the same order of magnitude �extended modes�, the order
of magnitude of all �um�2 is 1 /2N to satisfy the condition
�u� �2=1. As consequence the order of magnitude of all �um�4
is 1 /4N2 and the order of magnitude of �u� �4

4 is 1 /2N. This
means that the order of magnitude of the participation ratio

of an extended mode is equal to one. Let us now consider a
strongly localized mode, that is, the order of magnitude of
the component uM is much greater than the order of magni-
tude of all the other components of u� . The order of magni-
tude of uM is equal to one to satisfy the condition �u� �2=1;
therefore the order of magnitude of �u� �4

4 is equal to one, as
well. This means that the order of magnitude of the partici-
pation ratio of strongly localized modes is equal to 1 /2N.
Indeed, the participation ratio can take a value between 1 /2N
and 1. It gives a measure of the fraction of the particle num-
ber taken by the mode itself. The modes with smallest par-
ticipation ratios are strongly localized.

Figure 2 shows the participation ratio versus the modal
index n both for the Fibonacci chain with dB /dA=1.5 and the
subtended periodic chain in the case of transverse equilib-
rium polarization. In the periodic chain the participation ratio
is of the order of unity with the exception of few values
corresponding to the modes that are strongly localized at the
chain ends �edge modes�, as we shall see later. All the modes
in the Fibonacci chain have a participation ratio smaller than
that of the modes in the subtended periodic chain. As the
ratio dB /dA increases, the participation ratio strongly de-
creases and the modes become progressively more localized
in different zones of the chain.

Figures 3 and 4 show the distribution along the chain of
the real part of the y component of the magnetization of
some modes, in order of decreasing participation ratio, both
in the Fibonacci chain with dB /dA=1.5 �Fig. 4� and in the
subtended periodic chain �Fig. 3�, for the transverse equilib-
rium polarization.

In the periodic chain there exist three types of modes:4

“bulk” modes that are simply standing sine waves
�sin��p / �n+1��, where n denotes the mode index and p is
the position index of the nanoparticle�, Fig. 3�a�; “�-edge
modes” characterized by a phase shift of � between adjacent
dipoles that are close to the ends of the chain and exponen-
tially decrease, Figs. 3�b� and 3�c�; “bulk � modes” which
are characterized by a periodic envelope, Fig. 3�b�. The par-
ticipation ratio of the bulk modes �Fig. 3�a�� is almost con-
stant for 1	n	69 and is roughly equal to 0.67 �this is the
typical value for standing sine waves�, Fig. 2. The 145th and
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FIG. 2. �Color online� Participation ratio in periodic �dA=3a�
and Fibonacci �dB=1.5dA� chains with 145 nanoparticles and trans-
versally polarized equilibrium.
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144th modes �Fig. 3�c�� are an example of �-edge antisym-
metric and �-edge symmetric modes, respectively; they have
the smallest values of the participation ratio, P=0.02. The
transition between the bulk sine modes and �-edge modes

takes place gradually through the bulk � modes, Fig. 3�b�.
The participation ratio has two relative minima at n=72 and
n=95 �Fig. 2�. Unlike the edge modes, the 95th mode is shut
up in the interior of the chain.

The first 11 modes in the Fibonacci chain are distributed
bulk modes. Figure 4�a� shows the first mode �P=0.30� and
the third mode �P=0.24�. If we compare them with the cor-
responding modes of the subtended periodic chain �see Fig.
3�a�� we note that, even if the aperiodicity gives rise to a
considerable distortion of the mode profiles, the qualitative
behavior of the modes on the length scale of the chain re-
sembles that of the periodic case. Figure 4�b� shows the char-
acteristic features of the 12th mode �P=0.20�, which sepa-
rates the distributed bulk modes and the first-localized edge
modes. The 16th mode is one of the first-localized edge
modes �P=0.06�. Figure 4�c� shows the 37th mode, which is
a bulk localized mode �P=0.05� and the 34th mode, which is
another edge mode, more localized than the previous ones
�P=0.03�. Figure 4�d� shows two strongly localized edge
modes �the 55th and the 56th modes, which have P=0.02�.
Our findings show that many localized modes with very low
participation ratio exist in chains of magnetic nanoparticles
based on quasi-periodic Fibonacci order.

The band gaps which open in the Fibonacci chains can
only be completely understood by studying the pseudodis-
persion diagrams of the modes �e.g., Refs. 12 and 21�, as
shown in Figs. 5 and 6 for transversally and longitudinally
polarized equilibria, respectively. The pseudodispersion dia-
gram associates to the real part of each natural frequency �n
the intensity of the spatial Fourier transform of the corre-
sponding eigenmode, which is represented on a black-white
intensity scale. The real part of the natural frequencies of
each mode, normalized to the Kittel frequency, is represented
on the ordinate axis while the wave number k, normalized to
� / l, where l is the chain length, is represented on the ab-
scissa axis. The intensity of the Fourier components of each
mode, calculated by the spatial Fourier transform, is repre-
sented on a black-white intensity scale.
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FIG. 3. �Color online� Real part of the y component of the
dipole moment versus particle position index p in a periodic chain
�dA=3a� with transverse polarization, N=145 and heff=0.1: �a� bulk
sine modes, �b� � bulk modes, and �c� � modes.
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FIG. 4. �Color online� Real part of the y component of the
dipole moments versus particle position index p in a linear Fi-
bonacci chain �dA=3a , dB=1.5dA� with transverse polarization, N
=145 and heff=0.1: �a� bulk modes; �b� critical mode �12th mode�
and a localized mode �16th mode�; ��c� and �d�� strongly localized
modes.

FIG. 5. Pseudodispersion diagrams for �a� periodic chain dA

=3a, and ��b�–�d�� quasi-periodic Fibonacci chain, �b� dB=1.1dA,
�c� dB=1.5dA, and �d� dB=5dA, with transversally polarized
equilibrium.
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We show the pseudodispersion diagrams for several val-
ues of dB /dA �Figs. 5�a� and 6�a��. The pseudodispersion
curves for the periodic chains consist mainly of two
branches, one corresponds to the bulk distributed modes and
the other corresponds to the edge-localized modes �the
straight lines parallel to the abscissa axis�. Interestingly, in
the chain with transversally polarized equilibrium the
pseudodispersion curve relevant to the distributed modes in-
creases monotonically across most of the pseudoBrillouin
zones whereas in the chain with longitudinally polarized
equilibrium it decreases monotonically. Therefore, the group
velocity is positive in the chain with transversally polarized
equilibriums and negative in the chain with longitudinally
polarized equilibriums. The chain with longitudinally polar-
ized equilibrium behaves as a medium with negative index of
refraction. As dB /dA deviates from one, the dispersion curve
breaks into several pseudogaps, as shown in Figs. 5�b� and
6�b�. As dB /dA increases even further, the gaps widen until
the branches of the dispersion curve reduce to a set of five
segments parallel to the wave-vector axis, as shown in Figs.
5�d� and 6�d� �in the transversally polarized equilibrium the
third and fourth segments are so close that they are not dis-
tinguishable�. These diagrams show in a very clear way the
principal spatial frequency of each eigenmode and underline
that, while in the periodic lattice at each eigenmodes corre-
sponds mainly one spatial frequency �with the exception of
the edge modes�, in the quasi-periodic case several wave
numbers are excited due to the more spectral complexity of
the subtended lattice. Moreover, these diagrams also show
the formation of the gaps as the ratio dB /dA increases.

These results clearly demonstrate that the Fibonacci
modulation of the coupling in magnetic nanoparticle chains
is responsible for the gap formation in the pseudo-Brillouin
zone, for both longitudinally and transversally polarized
equilibriums.

A localized mode may be selectively excited by the time-
varying external magnetic field if the difference between its

resonance frequency and the resonance frequency of the ad-
jacent mode is greater than the mean value of their 3 dB
bandwidths. Figure 7 shows the distribution of the magneti-
zation amplitude at t=0 induced by a uniform external mag-
netic field, varying sinusoidally in time, along a Fibonacci
chain with dB=1.5dA, �=10−3, and a transverse equilibrium
polarization. The external magnetic field is orthogonal both
to the equilibrium field and to the chain axis, its normalized
amplitude is equal to one and it is tuned on the resonance
frequencies of the �a� 17th, �b� 21th, �c� 34th, and �d� 45th
modes. The magnetization amplitude is of the order of the
quality factor.

VI. CONCLUSIONS

In this paper we have investigated the spectral, localiza-
tion, and dispersion properties of ferromagnetic dipolar
modes, around a stable, saturated, and spatially uniform
equilibrium in quasi-periodically modulated chains of mag-
netic nanoparticles based on the Fibonacci sequence. The
evaluation of the natural frequencies and magnetization
modes is reduced to the solution of a linear-generalized ei-
genvalue problem. We have demonstrated the presence of
several band gaps in the pseudodispersion diagram of the
Fibonacci chain and strongly localized magnetization oscil-
lation modes. Future studies must be directed at extending
the study beyond the simple dipolar interaction model con-
sidered here.

The presence of band gaps has a large influence on the

FIG. 6. Pseudodispersion diagrams for �a� periodic chain dA

=3a, and ��b�–�d�� quasi-periodic Fibonacci chain, �b� dB=1.1dA,
�c� dB=1.5dA, and �d� dB=5dA, with longitudinally polarized
equilibrium.
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FIG. 7. Magnetization amplitude at t=0 versus the particle po-
sition index p induced by an external magnetic field varying sinu-
soidally in time in a linear Fibonacci chain with transverse equilib-
rium polarization, dA=3a, dB=1.5dA, N=145, heff=0.1, and �
=10−3: the external field has a unitary-normalized amplitude and it
is tuned on the resonance frequency of the �a� 17th, �b� 21th, �c�
34th, and �d� 45th modes.
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transport properties of these structures. They may have an
impact in the design of new microwave devices, for example,
microwave filters. The localized magnetization modes may
provide an exciting opportunity to investigate static and dy-

namic magnetic properties on nanometric scales. They may
have an impact in the design of new magnetic nanosensors
and nanoscale magnetometers �tomography and magnetic
imaging�.
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